The operation of transforming one spanning tree into another by replacing an edge has been considered widely, both for general and planar straight-line graphs. For the latter, several variants have been studied (e.g., edge slides and edge rotations). In a transition graph on the set T (S) of noncrossing straight-line spanning trees on a finite point set S in the plane, two spanning trees are connected by an edge if one can be transformed into the other by such an operation. We study bounds on the diameter of these graphs, and consider the various operations both on general point sets and sets in convex position. In addition, we address problem variants where operations may be performed simultaneously or the edges are labeled. We prove new lower and upper bounds for the diameters of the corresponding transition graphs and pose open problems.
Introduction
For a set S of n points in the plane, let T (S) denote the set of noncrossing straight-line spanning trees on the vertex set S. Over the last 20 years, five operations have been introduced over T (S). While all five operations are based on a classic exchange property of graphic matroids [30] , geometric conditions yield a rich hierarchy.
Elementary Operations. Let T 1 = (S, E 1 ) and T 2 = (S, E 2 ) be two trees in T (S). The operation that replaces T 1 by T 2 is
• an exchange if there are edges e 1 and e 2 such that E 1 \ E 2 = {e 1 } and E 2 \ E 1 = {e 2 } (i.e., delete an edge e 1 from E 1 and insert a new edge e 2 to obtain E 2 ).
• A compatible exchange is an exchange such that the graph (S, E 1 ∪ E 2 ) is a noncrossing straight-line graph (i.e., e 1 and e 2 do not cross).
• A rotation is a compatible exchange such that e 1 and e 2 have a common endpoint p = e 1 ∩e 2 .
• An empty-triangle rotation is a rotation such that the edges of neither T 1 nor T 2 intersect the interior of the triangle ∆(pqr) formed by the vertices of e 1 and e 2 .
• An edge slide is an empty-triangle rotation such that qr ∈ E 1 ∩ E 2 .
(a) (b) (e) (d) (c) (f) Figure 1 : A straight-line spanning tree (a), in which we replace the dashed edge by a dotted one, using an exchange (b), a compatible exchange (c), a rotation (d), an empty-triangle rotation (e), and an edge slide (f).
All five operations that we consider were defined prior to our work (see below), but this is the first comprehensive study of all five operations.
See Figure 1 for illustrations. Note that, for each of these types of operations, the inverse of an operation (i.e., transforming T 2 into T 1 ) is also of the same type. Each operation op defines an undirected transition graph G op (S), whose vertex set is T (S), and there is an edge between two trees T 1 , T 2 ∈ T (S) if and only if an operation op can transform T 1 into T 2 . The transition graphs for each of these five operations are known to be connected (see Section 1.2). The diameter diam(G op (S)) of the transition graph is thus the maximum length of a shortest transformation sequence between two noncrossing straight-line spanning trees in T (S). We are interested in the asymptotic growth rate of the function f op (n) := max |S|=n diam(G op (S)).
Simultaneous Operations. For each elementary operation op, we define a simultaneous operation sop on T (S) as follows. For two trees T 1 = (S, E 1 ) and T 2 = (S, E 2 ) in T (S), the operation sop replaces T 1 by T 2 if there is a bijection between E 1 \ E 2 and E 2 \ E 1 (the old edges and new edges, resp.) and each pair (e 1 , e 2 ) of corresponding edges satisfies the geometric conditions of the elementary operation op on T 1 . Importantly, we do not require the graph (S, E 1 − e 1 + e 2 ) to be in T (S), it is sufficient that each pair (e 1 , e 2 ) satisfies the geometric conditions and T 1 , T 2 ∈ T (S). In particular, there is no condition for simultaneous exchange; and the only condition for simultaneous compatible exchange is that the graph (S, E 1 ∪ E 2 ) is noncrossing (since the new edges are pairwise noncrossing, and none of the new edges can cross any edge in E 1 ). We define the graph G sop (S) and maximum diameter f sop (n) for simultaneous operations analogously. Clearly, f sop (n) ≤ f op (n).
General Position and Convex Position. We assume that S is in general position (i.e., no three points in S are collinear). This assumption is for convenience only (all diameter bounds would hold regardless but would require a detailed discussion of special cases). Previous results (cf. Section 1.2) are also stated subject to this assumption. Arguably the most important special case is that S is in convex position. We are also interested in the asymptotic growth rate of the function f cx op (n), which is equal to max |S|=n diam(G op (S)), where S is in convex position. (Observe that, for the operations mentioned, the actual coordinates of the points are not important as long as the points are in convex position.) The function f cx sop (n) is defined analogously. Trivially, f cx op (n) ≤ f op (n) and f cx sop (n) ≤ f sop (n) for any operation op.
Organization. We summarize the current best lower and upper bounds for the diameter of transition graphs under the five elementary operations in Section 1.1. To put our results into context, we review related previous work on other elementary graph operations in Section 1.2.
Our new results on the diameter of transition graphs under rotation, empty-triangle rotation, and edge slide are presented in Sections 2-4. We consider the edge-labeled variant of the problem in Section 5, and conclude with open problems in Section 6.
Contributions and Related Previous Results
The current best diameter bounds for the five operations and their simultaneous variants are summarized in Table 1 . Bounds for points in convex position are shown in Table 2 . The operations are presented from strongest to weakest: we say an operation op 1 is stronger than operation op 2 if every operation op 2 is also an operation op 1 . As G op 2 (S) is a subgraph of G op 1 (S), we have f op 1 (n) ≤ f op 2 (n) and f cx
(n). It is worth noting that even though we briefly review the current best bounds for the three strongest operations, our main results concern the three weakest operations: rotation (Section 2), empty-triangle rotation (Section 3) and edge slide (Section 4). See Tables 1 and 2 , where our contributions are marked with the corresponding theorems and propositions. Table 2 : Diameter bounds for n points in convex position.
Exchange. For n ≥ 4, n points in convex position admit (at least) two edge-disjoint spanning trees in T (S). Since each elementary operation replaces only one edge, this yields a trivial lower bound of n − 1 for the diameter of the transition graph. Hernando et al. [22] gave a lower bound of 3n/2 − 5 for n points in convex position. An upper bound of 2n − 4, n ≥ 2, for point in general position comes from the weaker operation of rotation. In the simultaneous setting, the lower and upper bound of 1 is clear: Given two trees T 1 , T 2 ∈ T (S), one can remove all edges of T 1 and insert all edges of T 2 simultaneously. In particular, the simultaneous exchange graph is a complete graph on |T | vertices.
Compatible Exchange. For single operations, linear upper and lower bounds for the diameter of the transition graph follow from corresponding bounds for weaker and stronger operations, respectively (cf. Table 1) . A simultaneous compatible exchange graph is typically not a complete graph. Buchin et al. [12] constructed a set S of n points and a pair of trees T 1 , T 2 ∈ T (S) such that Ω(log n/ log log n) simultaneous compatible exchanges are required to transform T 1 into T 2 . Aichholzer et al. [3] proved that, for every set S of n points, every T ∈ T (S) can be transformed into the minimum spanning tree of S using O(log n) simultaneous compatible exchanges; moreover, each operation decreases the Euclidean weight of the tree. Later, Aichholzer et al. [2] showed that every T ∈ T (S) can be transformed into some canonical tree using O(log k) simultaneous compatible exchanges, where k ≤ n 3 is the number of convex layers of S. Their upper bound leaves only a sub-logarithmic gap on the asymptotic growth of f sce (n), where sce stands for simultaneous compatible exchange. It is easy to see that f cx sce (n) = 2. Indeed, a plane spanning tree T 1 can be transformed into any other plane spanning tree T 2 by exchanging all edges of T 1 with the edges of a path T 0 along the convex hull, and then exchanging all edges of T 0 with T 2 . The existence of two incompatible spanning trees for all n ≥ 4 implies a lower bound of 2.
Rotation. The edge rotation operation was first introduced by Chartrand et al. [16] for abstract graphs. We consider it over T (S). For single rotations, ro, the lower bound follows from the corresponding bound for stronger operations. An upper bound f ro (n) ≤ 2n − 4 follows from a proof by Avis and Fukuda [8] : They show that every tree in T (S) can be carried to a star centered at an extreme point of S using at most n − 2 operations; hence the diameter is bounded by 2(n − 2). They consider exchange operations, but all exchanges in their proof happen to be rotations. For simultaneous rotations, sro, we prove the upper bound f sro (n) ≤ O(log n) (Theorem 1). A lower bound of f sro (n) ≥ Ω(log n/ log log n) follows from the stronger simultaneous compatible exchanges.
For simultaneous rotations and convex position, an algorithm for the weaker operation of emptytriangle rotations yields an upper bound of 4, and we establish a lower bound of 3 (Observation 4).
Empty-Triangle Rotation. Empty-triangle rotation is a very natural variant of rotation; however, there is not much known about it. Cano et al. [13] considered empty-triangle rotations over all noncrossing planar straight-line graphs on a set S of n points with m edges, where m is less than the number edges in a triangulation of S. They showed that the corresponding transition graph is connected, its diameter is O(n 2 ), and this bound is the best possible when m = 3n − O(1). In the special case m = n − 1, their result implies that a sequence of O(n 2 ) empty-triangle rotations can transform a tree in T (S) into any other tree in T (S); the intermediate graphs are noncrossing straight-line graphs but they are not necessarily spanning trees.
For single operations, er, the lower bounds f er (n) ≥ 3n 2 − 5 and f cx er (n) ≥ 3n 2 − 5 follow from the corresponding bounds for stronger operations. For point sets in general position, we prove an upper bound of f er (n) ≤ O(n log n) (see Theorem 6) . For the convex case, we provide a linear upper bound in the weaker operation of edge slide, which yields f cx er (n) = Θ(n). In the simultaneous setting, we provide a tight bound of f ser (n) = Θ(log n) in Theorems 7 and 8. For the case of convex position, we prove f cx ser (n) = Θ(1) (see Theorem 10).
Edge Slide. Aichholzer, Aurenhammer, and Hurtado [3] proved that G es (S), where es stands for edge slide, is connected for every point set S in general position. Aichholzer and Reinhardt [5] proved f es (n) = Θ(n 2 ). We show f cx es (n) = Θ(n); see Theorem 13. The simultaneous variant has not been previously considered. A linear lower bound and a quadratic upper bound can be easily derived from diameter bounds for single operations over point sets in general position, as will be discussed in Section 4.1. For points in convex position, however, we prove an asymptotically tight bound f cx ses (n) = Θ(log n); see Theorems 14 and 15.
Further Related Work
Exchanging edges such that both the initial and the resulting graph belong to the same graph class is a well-studied operation in various contexts; see [10] for a survey. Perhaps the best known operation on trees is the classic rotation on ordered rooted binary trees, which is equivalent to the associativity rule over n-symbol words, and to edge flips in triangulations of n + 2 points in convex position. Sleator, Tarjan, and Thurston [34] gave an upper bound of 2n − 6 for the diameter of the transition graph for all n ≥ 11, which is tight [33] . For abstract trees on n labeled vertices, any spanning tree T 1 = (S, E 1 ) can be transformed into any other tree T 2 = (S, E 2 ) using |E 1 \ E 2 | exchange operations, by the classic exchange property of graphic matroids (see, e.g., [30] ). Consequently, the diameter of the transition graph is n − 1.
There are n n−2 abstract spanning trees on n labeled vertices for n ≥ 3 [14] . In contrast, the number of noncrossing straight-line trees on n points in the plane is in O(141.07 n ) [23] and Ω(6.75 n ) [4, 18] . While the transition graph of the exchange operation over T (S) is a subgraph of the transition graph over abstract labeled trees (it has fewer nodes), this does not imply any relation between the diameters of these transition graphs.
The operations of exchange, rotation, and edge slide on unlabeled abstract spanning trees on n vertices were considered by Faudree et al. [17] , and by Goddard and Swart [21] . They define transition graphs over isomorphism classes, proving upper bounds of n − 3, 2n − 6, and 2n − 6, respectively, on their diameters. For all three types, a lower bound of n − 3 is established by the distance between a path and a star.
Geometric variants, where the vertex set S is a set of points in the plane, were first considered by Avis and Fukuda [8] for the efficient enumeration of all trees in T (S). Interestingly, the order type of S can be reconstructed from the transition graph of the exchange operation [26] .
Akl et al. [6] and Chang and Wu [15] considered the exchange operation over P(S), the set of noncrossing spanning paths on n points in convex position. They proved that the diameter of the transition graph is 2n − 6 for n ≥ 5 and 2n − 5 for n = 3, 4. Wu et al. [36] use these operations for generating all paths in P(S) in O(1) amortized time per path. It remains an open problem whether the exchange graph of P(S) is connected for general point sets S. Under weaker operation of edge slides, however, the transition graph of P(S) is disconnected for n ≥ 4, since an edge can slide only if it is incident to one of the two leaves.
Rotation

General Position
In this section, we prove the upper bound f sro (n) = O(log n) under simultaneous rotations sro (see Theorem 1) . We bound the diameter of the transition graph by an algorithm that transforms every tree T ∈ T (S) into a star, combining ideas from [3] and [8] . Our upper bound does not match the lower bound of Ω(log n/ log log n), which derives from the stronger simultaneous compatible exchanges. Theorem 1. Every plane tree in T (S), |S| = n, can be transformed into any other tree in T (S) using O(log n) simultaneous rotations; that is, f sro (n) = O(log n).
Proof. Let S be a set of n points in general position, and let p be an extremal point in S. We show that every T = (S, E) ∈ T (S) can be transformed into a star centered at p using O(log n) simultaneous rotations, which readily implies f sro (n) = O(log n).
We define a simultaneous compatible exchange, starify, on T (S), and then show that 1. O(log n) successive starify operations can transform every T ∈ T (S) into the star centered at p, and 2. each starify operation can be replaced by at most four simultaneous rotations.
Preliminaries. For convenience, we embed the Euclidean plane R 2 into the projective plane P R 2 by adding a line "at infinity." Apply a suitable projective transformation that maps p to the point (0, −∞) at infinity. Note that every edge incident to p becomes a vertical downward ray. Since S is in general position, no two points in S \ {p} have the same x-coordinate. For a line segment qr, let W (qr) denote the (closed) vertical slab spanned by qr (i.e., the union of all vertical lines in P R 2 that intersect the closed line segment qr), and we define the width of segment qr as width(qr) = |W (qr) ∩ S| − 2.
In particular, for every point s ∈ S \ {p}, we have width(ps) = 0, since W (ps) is a vertical line where W (ps) ∩ S = {p, s}. That is, the weight of every vertical segment is 0. The edges in E can be ordered as follows. First define a partial order ≺ on E such that e 1 ≺ e 2 if the vertical slabs W (e 1 ) and W (e 2 ) overlap, and e 1 is above e 2 in the intersection W (e 1 ) ∩ W (e 2 ). Fix an arbitrary linear extension of this partial order.
Definition of operation starify. Let T = (S, E) ∈ T (S). Refer to Figure 2 . Direct the edges in E such that T is the shortest path tree rooted at p. For every vertex s ∈ S \ {p}, denote by e s ∈ E the unique outgoing edge. We will rotate each edge e s to some edge e s incident to s (possibly, e s = e s ) such that the union of all old and new edges s∈S\{p} {e s , e s } forms a noncrossing graph (hence starify is a simultaneous compatible exchange operation).
From every s ∈ S \ {p}, draw a vertical downward ray r s until it either reaches p (at infinity) or crosses some edge in E. If r s reaches p, then let e s = sp (possibly e s = e s ). It remains to define the image e s for all other edges e s ∈ E. For every edge e ∈ E, let S e be the set of vertices s ∈ S \ {p} such that r s hits e. Whenever S e = ∅, we create an x-monotone polygon P e bounded by two x-monotone chains: the lower chain consists of the single edge e, and the upper chain connects the endpoints of e via the points in S e sorted by increasing x-coordinates; see Figure 2 . In particular, the upper chain consists of precisely |S e | + 1 line segments. For the operation starify, remove an edge of the upper chain that has maximum width, direct the resulting two x-monotone paths to the two endpoints of e, and define e s for all s ∈ S e to be the unique outgoing edge along these paths. This completes the description of operation starify. Figure 2 : (a) A straight-line spanning tree T where p = (0, −∞), dotted vertical downward rays, and the shaded polygons P e and P f for edges e and f . (b) The result of operation starify. This operation is not a simultaneous rotation: Edge st is already present and so sq cannot be rotated to st in one step.
Correctness. We first show that operation starify is a simultaneous compatible exchange operation. (Later, we show how to model a starify operation with up to four simultaneous rotations.) We need to show that if T ∈ T (S), then starify(T ) ∈ T (S), and the edges of T and starify(T ) do not cross. We start by proving the following claim.
Claim 2. For every edge e ∈ E, where S e = ∅, the interior of the polygon P e is disjoint from the edges in E.
Suppose, to the contrary, that an edge in E intersects the interior of P e . If there is an edge e ∈ E that crosses the boundary of P e (at least) twice, then both crossings are on the the upper chain of P e , since the edges in E are noncrossing, so e cannot cross e. But then the upper chain of P e has at least one vertex u between the two crossings with e , and the vertical downward ray from u would hit e before e, contradicting our assumption that u ∈ S e . If there is an edge in E that crosses the boundary of P e at most once, then let e be a minimal such edge in the partial order ≺, and let v be an endpoint of e in the interior of P e . By the minimality of e , the vertical downward ray from v hits the edge e; hence v ∈ S e , which contradicts the assumption that v lies in the interior of P e . This completes the proof of Claim 2.
By Claim 2, the edges in E do not cross any edges of the polygons P e , where S e = ∅. Since the polygons P e , e ∈ E, are pairwise interior-disjoint, the edges of starify(T ) do not cross each other.
It remains to show that starify(T ) is a spanning tree. By construction, the number of edges remains the same, and every vertex in S \ {p} has an outgoing edge. So it is enough to show that the graph starify(T ) contains a directed path from every vertex in S \ {p} to p. Recall that we have ordered the edges in E consistently with the above-below relationship. For each edge e ∈ E, the vertices in S e are connected to the endpoints of e in starify(T ). Even though an edge e ∈ E may not be present in starify(T ), each endpoint of e is again connected to some endpoint of some edges e 1 and e 2 , with e 1 ≺ e and e 2 ≺ e (possibly, e 1 = e 2 ), or directly to p. Consequently, starify(T ) contains a directed path from every vertex in S \ {p} to p.
and let E i be the edge set of T i . We need to show that T k is a star centered at p for all k ≥ log 2 n . To this end, we prove the following claim.
Claim 3. If e s ∈ E i+1 is an outgoing edge of s ∈ S and e s is not incident to p, then s ∈ S e for some edge e ∈ E i such that width(e) ≥ 2 · width(e s ).
Indeed, width(e) equals the sum of widths of the edges in the upper chain of polygon P e . Since we do not use an edge of maximum width in this chain, we have width(e s ) ≤ 1 2 width(e) for every vertex s ∈ S e , as claimed. Now suppose that k ≥ log 2 n and width(e 1 ) ≥ 1 for some e 1 ∈ E k . By Claim 3, there is a chain of edges e i ∈ E k+1−i for i = 1, 2, . . . , k such that width(e i+1 ) ≥ 2 · width(e i ). This implies that width(e 0 ) ≥ 2 k , where 2 k > n, which contradicts the fact that width(e) ≤ n − 2 for every line segment e. This proves that width(e) = 0 for all e ∈ E k if k ≥ log 2 n . Consequently, T k is a star centered at p, as claimed.
Implementation of starify with four simultaneous rotations. We have seen that starify is a simultaneous compatible exchange operation. However, it need not be a simultaneous rotation. Consider an edge e ∈ E where S e = ∅. Operation starify transforms every edge e s , s ∈ S e , into some edge e s on the upper chain of the polygon P e . This operation is not necessarily a simultaneous rotation: For example, if e s = e s and e s is already present in T (cf. Figure 2) , then a simultaneous rotation cannot transform e s into e s directly. We now show that starify can be implemented by a sequence of up to four simultaneous rotations.
We define the four simultaneous rotations for the outgoing edges of each point set S e independently (in the total order on the edges in E defined above). Suppose e = (u, v), where e = e u (note that edge e v may lie on the boundary of P e ). Triangulate P e arbitrarily. The dual graph of the triangulation of the polygon P e is a tree. We call a vertex in S e a peak if it is incident to only one triangle, and nonpeak otherwise. By a BFS traversal of the dual graph (tree) starting from the triangle adjacent to e, we can assign each triangle ∆ s to a unique incident vertex s ∈ S e . For every s ∈ S e , we denote by A s the set of two edges of ∆ s incident to s, and by b s the edge of ∆ s opposite to s. Note that, for every peak vertex s ∈ S e , both edges in A s lie on the boundary of P e , and for every nonpeak vertex s ∈ S e , at least one edge in A s is a diagonal of P e . Figure 3 : (a) A triangulation of polygon P e and the edges in E incident to the vertices of P e . (b-e) The result of the 1st, 2nd, 3rd, and 4th simultaneous rotation, respectively.
We can now describe four simultaneous rotations for the vertices in S e , e ∈ E (refer to Figure 3 ).
For every vertex s ∈ S,
(a) if the downward vertical ray from s does not hit any edge in T , then rotate e s to sp, and (b) if s is a peak vertex in P e , for some e ∈ E, such that both edges in A s are present in T and directed to s, then let s be the (nonpeak) neighbor of s along the boundary of P s such that b s ∈ A s , and rotate e s to b s .
2. For every vertex s ∈ S e , e ∈ E, rotate the outgoing edge to an the edge in A s that is (i) a diagonal of P e if s is nonpeak, and (ii) not in the current tree if s is a peak.
3. For every peak vertex s ∈ S e , e ∈ E, rotate e s to the edge prescribed by starify.
4. For every nonpeak vertex s ∈ S e , rotate e s to an edge of P e prescribed by starify.
For the correctness of the four simultaneous rotations, we need to show that each operation produces a noncrossing directed spanning tree rooted at p. First we show that none of the operations rotates an edge to another edge of the current tree.
Step (1a) rotates edges to their positions prescribed by starify. Steps (1b)- (3) rotate edges e s , s ∈ S e , to an edge in A s . Note that the sets A s are pairwise disjoint, and each edge in A s lies on the boundary or in the interior of P e . By Claim 2, the edges in E do not intersect the interior of any polygon P e ; the same holds for all edges created in Step (1a). Consequently, Steps (1b)- (2) do not rotate any edge to another edge. At the end of Step (3), the outgoing edges of peak vertices in S e , e ∈ E, are already at their final positions prescribed by starify; the outgoing edges of nonpeak vertices are diagonals of P e . Therefore, Step (4) does not rotate any edge to an existing edge, either.
Step (1) clearly maintains a directed spanning tree rooted at p. At the end of
Step (2), the outgoing edges of the vertices in S e , e ∈ E, induce two forests rooted at the endpoints of e; and both Step (3) and (4) maintain this property. Since each endpoint of e is either adjacent to p or is part of some set S e with e ≺ e, this property implies a directed path from every vertex in S \ {p} to p.
Convex Position
For simultaneous rotations and point sets in convex position, an algorithm for the weaker operation of simultaneous empty-triangle rotations yields an upper bound of 4, and we establish a lower bound of 3 for n ≥ 6. Proposition 4. For every set S of n ≥ 6 points in convex position, there exist two trees in T (S) such that one cannot transform one into the other with fewer than 3 simultaneous rotations; that is, f cx sro (n) ≥ 3.
Proof. For n = 6, let T 1 and T 2 be the two trees shown in Figure 4 , and consider a sequence of simultaneous rotations that transform T 1 into T 2 . The first simultaneous rotation either keeps ad in place or rotates it to ac, ae, bd, or f d. In all cases, edge ad or its image crosses some edge of T 2 . Consequently, at least two more simultaneous operations are needed to reach T 2 . For n > 6, we may augment T 1 and T 2 with n − 6 vertices between a and b, and the same argument shows that the distance between the two trees is at least 3. 3 Empty-Triangle Rotation: Upper and Lower Bound
General Position
For single operations, the lower bound of 3n 2 − 5 follows from an analogous bound for the stronger operation of rotation. We prove an upper bound of O(n log n) (see Theorem 6), which leaves a logarithmic gap. We start with an easy observation about a single triangle.
Proposition 5. Let T = (S, E) be a spanning tree with three vertices p, q, r ∈ S such that pq ∈ E and the interior of the triangle ∆(pqr) does not intersect any edge of T . Then an empty-triangle rotation can replace pq with either pr or qr.
Proof. Since T is a tree, pq is a bridge. The graph T − pq is a forest of two trees in which p and q are in distinct components. If r is in the same component as p, then T − pq + rq is a tree, otherwise T − pq + rp is a tree. In either case, the exchange operation is an empty-triangle rotation.
Theorem 6. Every plane tree in T (S), |S| = n, can be transformed into any other tree in T (S) using O(n log n) empty-triangle rotations; that is, f er (n) = O(n log n).
Proof. Let T be a spanning tree in T (S) for a point set S of size n and let p ∈ S be an extremal point in S. We show that we can transform T into a star centered at p using O(n log n) emptytriangle rotations. To this end, we use O(n) operations to transform T into two subtrees of roughly equal size whose convex hulls intersect in p only, and then recurse on the subtrees.
Let h be a ray emanating from p that separates the convex hull of S into two parts, none containing more than n/2 points of S \ {p}. If h does not cross any edge of T , we can recurse on the two subtrees. Otherwise, let e be the edge of T whose crossing with h is farthest away from p. Triangulate T (i.e., augment T into an edge-maximal planar straight-line graph). By Euler's polyhedron formula, the triangulation has at most 2n − 5 bounded faces. Let (∆ 1 , . . . , ∆ m ) be the sequence of bounded faces (triangles) of the triangulation that intersect the line segment (p, h ∩ e), in the order in which they are visited by h. Note that m ≤ 2n − 5. By Observation 5, an empty-triangle rotation can replace e with some other edge f of ∆ m . This edge f either does not cross h, or its crossing h ∩ f is closer to p than h ∩ e is. In both cases, we obtain a tree T ∈ T (S) whose edge set is contained in the same triangulation; however, the sequence of triangles visited by h until the last crossing with an edge in T is now (∆ 1 , . . . , ∆ m ) for some m < m. Consequently, after at most m ≤ 2n − 5 empty-triangle rotations, h does not cross any edge of the tree, and we can recurse on the two subtrees, each of size at most n/2 + 1.
When every subtree contains only two vertices, then all edges are incident to p, and their union is a star centered at p. The number a(n) of operations needed to transform T into a star centered at p satisfies the recurrence relation a(n) ≤ 2a(n/2 + 1) + O(n), which solves to O(n log n). Since any two trees in T (S) can be transformed into a star centered at p using a(n) operations, we have f er (n) ≤ 2a(n) = O(n log n).
A simultaneous empty-triangle rotation consists of one or more empty-triangle rotations that can be performed independently. The empty triangles involved in such an operation are interiordisjoint, and at most one edge rotates in every empty triangle. For the simultaneous variant, f ser (n), we provide a linear upper bound and a logarithmic lower bound.
Theorem 7. Every plane tree in T (S), |S| = n, can be transformed into any other tree in T (S) using less than 8n simultaneous empty-triangle rotations; that is, f ser (n) < 8n.
Proof. Revisit the proof of Theorem 6. It takes at most 2n − 5 empty-triangle rotations to split the initial tree into two subtrees, each of size at most n/2 + 1. However, the set of triangles involved in the recursive calls are interior-disjoint, and involve distinct edges, so these rotations can be performed simultaneously. The number of rotations to obtain a star is therefore bounded by the recursion a(n) ≤ 2n − 5 + a(n/2 + 1), which solves to a(n) < 4n. Consequently, f ser (n) ≤ 2a(n) < 8n.
Theorem 8. For n ≥ 2, there exists a set S of n points in general position and two trees in T (S) such that Ω(log n) simultaneous rotations are required to transform one into the other; that is, f ser (n) = Ω(log n).
Proof. We may assume that n = 2 k + 1 for some k ∈ N. We construct a point set S and two spanning trees T, T ∈ T (S) such that it takes at least k = log 2 (n − 1) simultaneous empty-triangle rotations to transform T into T . The points in S have integer coordinates, and are not in general position, but a random perturbation by a small ε > 0 would bring S to general position and preserve all combinatorial properties in our proof.
Our point set is S = {(x, ϕ(x)) : x = 0, . . . , n}, where we define ϕ(x) : {0, . . . , n} → N 0 as follows (refer to Figure 5 ). Every integer x ∈ {0, . . . , n} has a binary representation x = k i=0 x i 2 i with x i ∈ {0, 1}. For x = 1, . . . , n − 1, let j(x) be the smallest index such that x j(x) = 1. For x = 1, . . . , n − 1, let ϕ(x) = n 2(k−j(x)) , and let ϕ(0) = ϕ(n) = n 0 = 1. This completes the definition of S. Let T and T , respectively, be a star centered at p = (0, 1) and r = (1, ϕ(1)) = (1, n 2k ). Let (T = T 0 , T 2 , . . . , T m = T ) be a sequence of trees in T (S) such that any two consecutive trees are related by a simultaneous empty-triangle rotation. For every simultaneous operation, there exists a bijection between the old and new edges such that corresponding edges are related by an empty-triangle rotation. Fix such a bijection for the simultaneous empty-triangle rotation between T i and T i+1 (i = 0, . . . , m − 1). Then every edge in T corresponds to a unique edge in T i (i = 0, . . . , m): It corresponds to an edge incident to p in T 0 and to an edge incident to r in T m . In the remainder of the proof, we trace the edges corresponding to e = pq, where q = (n, 1), and show that it takes at least k empty-triangle rotations to carry e into an edge incident to r, consequently m ≥ k.
For i = 0, 1, . . . , k − 1, denote by S i the set of points in S whose y-coordinate is at most n 2i , that is, S i = {(a, ϕ(a)) ∈ S : ϕ(a) ≤ n 2i }. We make use of the following claim.
Claim 9.
If an empty triangle spanned by S has two vertices in S i (i = 0, . . . , k − 1), then the third vertex must be in S i+1 .
To prove this claim, we make a few observations about points in S and the slopes of line segments spanned by S.
By construction, for any two points a, b ∈ S i (i = 0, . . . , k − 1), there is a point m ∈ S i+1 \ S i , whose x-coordinate is between that of a and b. The slope of a segment between points a = (x a , y a ) and b = (x b , y b ) is defined as slope(ab) = (y a − y b )/(x a − x b ). In particular, for any two points a, b ∈ S i , we have |slope(ab)| ≤ n 2i . For a ∈ S i and b ∈ S i+1 \ S i , we have
For a ∈ S i and b ∈ S \ S i+1 , we have
We are now ready to prove Claim 9. Consider an empty triangle ∆(abc) with a, b ∈ S i , x a < x b , and c ∈ S \ S i . Then there exists a point m ∈ S i+1 such that x a < x m < x b . If c ∈ S i+1 , we have |slope(ab)| < |slope(am)| < |slope(ac)|, and |slope(ab)| < |slope(bm)| < |slope(bc)|. Consequently, m lies in the interior of ∆(abc), contrarily to our assumption that this triangle is empty. This completes the proof of Claim 9.
It follows from Claim 9 that a simultaneous empty-triangle rotation transforms every edge spanned by S i into an edge spanned by S i+1 , for i = 0, . . . , k − 1. In particular, the edge e = pq is spanned by S 0 , and the point r is in S k \ S k−1 . Consequently, it takes at least k empty-triangle rotations to transform edge e into an edge incident to r, as claimed.
Convex Position
A construction in [22] designed for the stronger exchange operation yields the lower bound 3n 2 − 5 for single empty-triangle rotations for point sets in convex position. Similarly, we can derive an upper bound of f cx er (n) ≤ 2n − 5 from our algorithm for edge slides (Theorem 13). In Theorem 10 below, we provide a constant upper bound for simultaneous empty-triangle rotations.
We define the dual tree of a plane tree T ∈ T (S) for a set S of n ≥ 3 points in convex position as follows; refer to Figure 6 (a). The edges of T subdivide the convex n-gon conv(S) into one or more convex cells, which correspond to the nodes of the dual tree. Two nodes of the dual tree are adjacent if the corresponding cells share an edge. Note that the dual tree is indeed a tree (every edge corresponds to a chord of conv(S), and so it is a bridge). Furthermore, the boundary of each cell contains precisely one edge that is not in T , and this edge is necessarily an edge of conv(S); we call this edge the hull edge of the cell. The main idea of the proof of the following theorem is to rotate edges shared by cells to hull edges. Theorem 10. Every plane tree in T (S), |S| = n, can be transformed into any other tree in T (S) using at most 4 simultaneous empty-triangle rotations; that is, f cx ser (n) ≤ 4.
Proof. Let S be a set of n ≥ 3 points in convex position, and let P ∈ T (S) be a path of n − 1 arbitrary edges of conv(S). We show that every tree T ∈ T (S) can be transformed into P using at most 2 simultaneous empty-triangle rotations. Let T ∈ T (S) be an arbitrary tree. Denote by e the edge of conv(S) that is not in P . The edge e is on the boundary of a unique cell determined by T ; let this cell be the root of the dual tree and direct all the edges of the dual tree towards the root (see Figure 6 (b) for an example). The boundary of any other cell C contains a unique edge uv that separates it from its parent cell, and it has a unique hull edge u v not in T . Since u, v, u , and v lie on the boundary of the cell, conv({u, v, u , v }) is empty. If uv and u v do not share any vertex, then we can use two consecutive empty-triangle rotations to move uv to uv , and then uv to u v . If uv and u v share a vertex, then a single empty-triangle rotation can move uv to u v . Also, if edge e is present in T , we can move it to the hull edge of the root cell using at most two operations. Rotations involving different cells of T can be performed simultaneously. Consequently, we can transform T into P with two operations, as required.
Edge Slide
For simultaneous edge slides, we may also consider the following, more restricted variant. Consider a plane spanning tree T on a point set S. Two edge slide operations that move v 1 u 1 to v 1 w 1 and v 2 u 2 to v 2 w 2 , respectively, can be performed simultaneously if the triangles ∆(u 1 v 1 w 1 ) and ∆(u 2 v 2 w 2 ) intersect in at most one point. All lower bounds in this section hold for the more powerful setting (in which the edge along we slide can be shared), and the upper bounds apply to the more restricted setting that does not allow a shared edge.
General Position
As noted above, Aichholzer and Reinhardt [5] proved that f es (n) = Θ(n 2 ). Little is known about the simultaneous variant. However, their results immediately imply f ses (n) = O(n 2 ). A lower bound of f ses (n) = Ω(n) can also be derived easily from f es (n) = Ω(n 2 ).
Proposition 11. For every n ≥ 3, there exists a set S of n points in general position and two trees in T (S) such that Ω(n) simultaneous edge slides are required to transform one into the other; that is, f ses (n) = Ω(n).
Proof. Aichholzer and Reinhardt [5] constructed a set S of n ≥ 3 points in general position and two trees T 1 , T 2 ∈ T (S) such that Ω(n 2 ) simultaneous edge slides are required to transform T 1 into T 2 . Consider a sequence of x simultaneous edge slides that transforms T 1 into T 2 . Note that at most n−1 2 edges can slide simultaneously (for every pair of edges involved in a slide, only one changes). By performing the edge slides in each simultaneous operation sequentially, we obtain a sequence of at most x · n−1 2 edge slides that transform T 1 into T 2 . The lower bound Ω(n 2 ) yields x ≥ Ω(n), as claimed.
Convex Position
For single edge slide operations, the lower bound Lemma 12. Given a set S of n ≥ 3 points in convex position and two paths P 1 and P 2 , both of which are paths along edges of conv(S), we can transform P 1 into P 2 using n − 2 edge slides.
Proof. Note that P 1 and P 2 differ at most by a single edge pair. Label the vertices clockwise from v 1 to v n , such that v 1 v n is an edge in P 1 , but not an edge in P 2 , and let v k v k+1 be the edge in P 2 that is not an edge in P 1 .
Starting with P 1 , we can use a sequence of k − 1 slides moving v i−1 v n to v i v n , for i = 2, 3, . . . , k, effectively replacing v 1 v n with v k v n . Similarly, a sequence of n − k − 1 edge slides moving v k v j+1 to v k v j , for j = n − 1, n − 2, . . . , k + 1, replaces v k v n with v k v k+1 . The concatenation of these two sequences transforms P 1 into P 2 using (k − 1) + (n − k − 1) = n − 2 edge slides.
Theorem 13. Every plane tree in T (S), |S| = n ≥ 3, can be transformed into any other tree in T (S) using at most 2n − 5 simultaneous edge slides; that is, f cx es (n) ≤ 2n − 5.
Proof. We show that any two plane spanning trees T 1 , T 2 ∈ T (S) on a set S of n ≥ 3 points in convex position can be transformed into a path P with a sequence of at most n − 3 and n − 2 edge slides, respectively. Consider the dual tree of T 1 and choose any cell C 0 of the dual tree to be the root. Denote by e 0 the hull edge of C 0 (i.e., the edge of C 0 that is not in T 1 ), and let P ∈ T (S) be the path formed by the remaining n − 1 edges of conv(S). If the dual tree has only one node, then T 1 = P . Otherwise, let C 1 be a child of C 0 in the dual tree and let e 1 be the edge shared by C 0 and C 1 . Since C 1 is the convex hull of its vertices, we can apply Lemma 12 to slide e 1 to the hull edge of cell C 1 . As a result, cells C 0 and C 1 are merged to one cell. We let this cell be the new root cell and iterate. Each edge slide increases the size of the root cell by one, so we reach P after at most n − 3 edge slides.
If edge e 0 is absent from T 2 , we can transform T 2 into P as described above using n − 3 edge slides. However, if e 0 is an edge of T 2 , we apply an edge slide to replace e 0 with some other edge, followed by a sequence of n − 3 edge slides to obtain P . The total number of operations is at most 2n − 5, as claimed. Now, let us consider simultaneous edge slides. We start with an easy lower bound. Theorem 14. For every n ≥ 3, there exist two trees in T (S), where S is a set of n points in convex position, that require Ω(log n) simultaneous edge slides; that is, f cx ses (n) = Ω(log n).
Proof. Consider two different paths P 1 and P 2 along the convex hull of a point set of size n in convex position where the edge uv is in P 2 but not in P 1 . Throughout the transformation process, let C 0 be the cell that is incident to uv. Since P 1 is a path along the convex hull, there is only one cell C 0 , which is incident to all n vertices. To transform P 1 into P 2 , the edge uv needs to be added; thus, one has to slide edges of P 1 until C 0 vanishes (i.e., its size drops to 2). The size of C 0 decreases only if an edge of C 0 slides along another edge of C 0 , that is, any size-decreasing edge slide involves two consecutive edges of C 0 . Consequently, a simultaneous edge slide decreases the size of C 0 by at most a factor of 2, and so any sequence of simultaneous edge slides must use at least log 2 (n/2) = Ω(log n) operations.
In the proof of the following result, we repeatedly apply a reduction step that "removes" a constant fraction of the leaves; this idea was originally developed for simultaneous flip operations in triangulations [9, 19] .
Theorem 15. Every plane tree in T (S)
, where S is a set of n points in convex position, can be transformed into any other tree in T (S) using O(log n) simultaneous edge slides; that is, f cx ses (n) = O(log n).
Proof. Let S be a set of n ≥ 3 points in convex position, let p ∈ S and T 1 ∈ T (S). It is sufficient to show that T 1 can be transformed into a star centered at p using O(log n) simultaneous edge slides.
The outline of the proof is as follows. We transform T 1 into a star centered at p via some intermediate phases where each phase uses O(log n) simultaneous edge slide operations. The assumption that S is in convex position is crucial for maintaining the planarity of the intermediate trees. In Phase 1, we show how to transform T 1 into a spanning tree T 2 in which every dual cell has O(1) edges. In Phase 2, we transform T 2 into a tree T 3 of height O(log n). Finally in Phase 3, T 3 is transformed into a star centered at p. All these phases require O(log n) simultaneous edge slides.
Phase 1: Constant-size cells. Pick an arbitrary convex hull edge pq and define the cell incident to pq to be the root of the dual tree. The edge that separates a cell from its parent is called the parent edge. The hull edge and the parent edge split the boundary of a cell into two paths. Note that these paths are convex. A simultaneous edge slide can decrease a convex path of k ≥ 2 edges to a chain of k/2 edges by sliding every other edge along the previous edge along the path. Note that these slides can be performed simultaneously in a cell C; if an edge e involved in a slide is incident to another cell C , then e is the parent edge of C and therefore there is no slide in C that involves e. If the same operation is performed on the parent cell, one new edge may also be inserted into the cell.
We apply simultaneous edge slides, each modifying all convex paths of length two or higher, while there is a cell with 7 or more vertices. If a cell has m vertices and m ≥ 7, then the two paths on its boundary jointly have at least m − 2 edges: the two paths loose at least (m − 3)/2 ≥ 2 edges, and the cell may gain at most one edge from its parent. This implies that the maximum size of a cell monotonically decreases, and the while loop terminates. Since the size of a largest cell decreases by a factor of at least (m − (m − 3)/2 + 1)/m = (m + 5)/2 /m ≤ 7 8 , the while loop terminates after O(log n) simultaneous edge slides, and we obtain a tree T 2 where every dual cell has 6 or fewer vertices.
Denote by n c be the number of nodes of the dual tree of T 2 . The number of incident cell-edge pairs over all edges of T 2 plus the edges along the boundary of conv(S) is n + 2(n c − 1). This number is bounded above by 6n c , therefore n c ≥ (n − 2)/4. Phase 2: Creating good leaves. A leaf of a spanning tree T (or subtree) is called good if the edge incident to it is an edge of the convex hull of the vertices of T . Note that if we remove a good leaf from T to obtain a tree T , then edge slides on the resulting tree T can also be performed in the entire tree T (that is, the edge of a good leaf does not obstruct any edge slide in T ). The main idea of transforming T 2 into a tree T 3 of height O(log n) is to repeatedly make a constant fraction of vertices to be good leaves and then "remove" them (meaning that these leaves are disregarded in later iterations).
Let T 2 be a spanning tree with cells of size at most six. Let n 1 +n 2 +n 3 = n c denote the number of nodes of the dual tree of degree 1, 2, and more, respectively. Note that n 1 ≥ n 3 . We show that we can apply O(1) simultaneous edge slides until a constant fraction of the surviving vertices are good leaves of the current tree.
First we perform the following "clean-up" step. Let C 0 (resp., C 1 ) be the nodes in the dual tree that have precisely one child and are at even (resp., odd) distance from the root. If a cell corresponding to a node in C 0 and the cell of its child jointly have at most four vertices, we transform them into a single cell by sliding the edge between them into the hull edge of the parent cell using an edge slide (see Figure 7 for two examples). These edge slides can be performed simultaneously. Then, we do the analogous transformation for every cell corresponding to a node in C 1 if it has not already been merged with its parent in the previous step. Both clean-up operations maintain the invariant that every cell has at most 6 vertices. Next, consider every cell C with a single child C and a single grandchild C . The cells C and C each have at most 6 vertices, and they jointly have at least 5 vertices (due to the clean-up step). Consequently, two consecutive edges of C ∪ C are on the boundary of conv(S). We can slide the edge between C and C to the hull edge of C or C using at most 5 edge slides (cf. Lemma 12) such that the boundary of the merged cell C ∪ C contains a good leaf. Specifically, the parent edge of C and the parent edge of C split the boundary of C ∪ C into two paths P 1 and P 2 , which jointly have at least 3 edges. Without loss of generality, P 1 contains the hull edge of C or C , and overall at least two edges of conv(S). We slide the edge between C and C to a hull edge in P 2 if possible, and to P 1 if P 1 contains the hull edges of both C and C . In both cases, P 1 still contains the remaining hull edge (of C ∪ C ), and one of its endpoints becomes a good leaf in P 1 ; see Figure 8 for examples.
Let us count the number of good leaves we can obtain with these operations. For each of the n 1 leaves of the dual tree, we obtain at least one good leaf. Then, we create at least one good leaf for every disjoint pair of adjacent nodes of degree 2 in the dual tree. There can be at most n 1 + n 3 − 1 nodes of degree 2 that cannot be paired up with one of its neighbors. (Every maximal chain of nodes of degree 2 can be considered a subdivision of a single edge in a tree of n 1 +n 3 vertices.) From the remaining (paired) nodes, we extract at least (n 2 − n 1 − n 3 + 1)/2 good leaves. We argue that C C C C C C Figure 8 : For cells C with a single child C and a single grandchild C such that C and C jointly have at least five vertices, we can slide the edge between C and C to the boundary of conv(S) and obtain at least good leaf.
we obtain at least n c /6 leaves. This surely holds if n 1 ≥ n c /6. Suppose now that n 1 < n c /6. Then, as n 1 ≥ n 3 , we have n 2 > 4n c /6 and thus (n 2 − n 1 − n 3 + 1)/2 ≥ n c /6. Hence, after transforming the cells of degree 2, we have at least n c /6 good leaves. Using the bound n c ≥ (n − 2)/4 obtained above, this gives at least (n − 2)/24 good leaves.
We can now summarize the steps to transform T 2 into T 3 using O(log n) simultaneous edge slide operations. Starting from T 2 , we repeatedly create good leaves and remove them. Denote by L i the set of good leaves removed in iteration i. Each iteration removes at least a 1 24 -fraction of the vertices. After r ∈ O(log n) iterations, we are left with a single vertex p. The tree T 3 ∈ T (S) is the tree obtained by these "removal" operations. In each iteration, the edges incident to good leaves are edges of the convex hull of the current subtree, consequently at most two such edges are incident to the same vertex in the subtree. Phase 3: Creating a star. The one-vertex tree on p is a star. We re-insert the leaves in L i for i = r, r − 1, . . . , 1 (in reverse order) in r rounds, and transform the subtree into a star centered at p. In round j, we re-insert the edges to the vertices in L r+1−j . They are each adjacent to the current star centered at p, and each vertex of the current star is incident to at most two edges in L r+1−j . Using up to two simultaneous edge slides, all the edges in L r+1−j become incident to p; see Figure 9 for an illustration. After r rounds, we obtain the star centered at p. As noted above, edge slides performed in a subtree can also be performed in the whole tree, as the edges incident to good leaves do not obstruct any edge slides. This completes the proof.
Labeled Edges
Each of the five elementary operations defined in Section 1 exchanges an edge of a spanning tree with a new edge, and the simultaneous operations require a bijection between the old and the new edges. We can extend these operations to edge-labeled spanning trees such that whenever an old edge e 1 is replaced by a new edge e 2 , the label of e 1 is transferred to e 2 . For a spanning tree T = (S, E) on a set S of n points in general position, an edge labeling is a bijective function λ : E → {1, . . . , n − 1}. In particular, every tree in T (S) admits (n − 1)! edge labelings. Denoting by L(S) the set of edge-labeled noncrossing straight-line spanning trees on S, we can define a transition graph G L op (S) on the vertex set L(S) in which two edge-labeled trees are adjacent if an operation op can transform one into the other. By definition,
Motivation and Previous Work. Transition graphs of edge flips in edge-labeled triangulations of a point set have been studied extensively. Recently, Bose et al. [11] considered the orbits of individual edges. Lubiw et al. [28] prove that a sequence of O(n 7 ) flips can carry any edge-labeled triangulation to any other (by showing that the 2-skeleton of the flip complex is contractible). Cano et al. [13] considered empty-triangle rotations over edge-labeled noncrossing planar straightline graphs on a set S of n points with m edges, where m is less then the number edges in a triangulation of S. They proved that the transition graph is connected, but did not establish upper and lower bounds on the diameter. We consider the analogous problems for edge-labeled plane spanning trees under all five elementary operations. We derive an asymptotically tight diameter bounds under edge slides.
Summary of Diameter Bounds. The current best diameter bounds for the transition graphs of edge-labeled spanning trees on n vertices are summarized in Tables 3 and 4 Table 4 : Bounds for labeled spanning trees for n points in convex position.
General Position
Recall that one simultaneous exchange can transform any (unlabeled) tree T = (S, E 1 ) into any other tree T 2 = (S, E 2 ), since it is enough to move the edges in E 1 \ E 2 to E 2 \ E 1 . In the edge-labeled case, however, the edges in E 1 ∩ E 2 may have different labels in the two trees. For example, if E 1 = E 2 and the labels are shifted cyclically, then the one simultaneous exchange cannot move any edge in E 1 to its position in E 2 . Two simultaneous exchanges suffice if there exists a tree T 3 = (S, E 3 ) such that E 1 ∩ E 3 = ∅. This strategy does not work directly for simultaneous compatible exchanges: García et al. [20] constructed a tree T 1 ∈ T (S) such that any compatible T 2 ∈ T (S) has at least (n − 2)/5 edges in common with T 1 .
Proposition 16. Every edge-labeled plane tree in L(S) can be transformed into any other tree in L(S) using at most 3 simultaneous exchanges, and O(log n) simultaneous compatible exchanges.
Proof. Let T 1 , T 2 ∈ L(S) be two plane trees. If |S| ∈ {1, 2, 3}, then it is easily checked that T 1 can be transformed into T 2 using at most two simultaneous exchanges. Assume |S| ≥ 4. We construct two unlabeled edge-disjoint compatible plane trees T A , T B ∈ T (S) as follows. Let v 1 , v 2 , and v 3 be three consecutive vertices along the boundary of conv(S)
is the predecessor of v 3 in the radial order around v 2 . We can now describe the transformation between the edge-labeled plane trees T 1 and T 2 . Ignoring the labels, transform T 1 into T A using one simultaneous exchange (resp., O(log n) simultaneous compatible exchanges [3] ). Similarly, transform T 2 into T B . These operations produce edge labelings on T A and T B , respectively. Since T A and T B are compatible and edge-disjoint, one simultaneous compatible exchange transforms T A into T B with matching labels.
Proposition 17. If T 1 , T 2 ∈ L(S), |S| ≥ 3, are edge-labeled spanning stars with the same center but different edge labels, then 3 simultaneous exchanges are required to transform T 1 into T 2 .
Proof. Let T 1 , T 2 ∈ L(S), |S| ≥ 3, be spanning stars with the same center v but different edge labels, and suppose that 2 simultaneous exchanges can transform T 1 into T 2 . The first operation carries T 1 into some tree T 3 , in which v is incident to at least one edge, say uv, and hence this operation did not move uv. Therefore, the second operation moves uv to another edge, which implies that uv is not present in T 2 , contradicting the assumption that T 2 is a star centered at v.
Theorem 18. Every edge-labeled plane tree in L(S), |S| = n ≥ 2, can be transformed into any other using at most 9n − 18 rotations.
Proof. Let p 1 be an extreme point in S, and let p 2 , . . . , p n be the remaining vertices, indexed in counterclockwise order around p 1 . Ignoring the edge labeling, we can transform both trees into the same path (p 1 , . . . , p n ), using 2(n − 2) rotations [8] . The order of the edges along the path corresponds to a permutation of the n − 1 labels. Every permutation can be carried to any other permutation using at most (n − 1) − 1 = n − 2 transpositions. It remains to show how such a transposition is done using a constant number of edge rotations.
Suppose we want to exchange the labels of the edges p i p i+1 and p j p j+1 , with 1 ≤ i < j < n. We rotate p i p i+1 to p 1 p i+1 (we may omit this step if i = 1). Then, we rotate the resulting edge p 1 p i+1 to p 1 p j (which may be omitted if j = i + 1). We can now exchange the labels of p j p j+1 and p 1 p j using three flips, as shown in Figure 10 ; this operation temporarily adds the edge p 1 p j+1 , which is always possible as no part of the tree is in the interior of the triangle p 1 p j p j+1 . After the edge p 1 p j has its new label, we rotate it back to its initial position p i p i+1 , using the reverse of the rotation sequence described above (i.e., rotating it to p 1 p i+1 and then back to p i p i+1 ). As exchanging two labels requires not more than seven rotations, the total number of rotations to transform one labeled tree into another is at most 4(n − 2) + 7(n − 2) = 9(n − 2).
While we can transform a tree into a path using only O(log n) simultaneous rotations by Theorem 1, we currently do not see how to change the permutation of the labels using a sub-linear number of simultaneous rotations (or even compatible exchanges).
Empty-triangle rotations are more constrained. However, we can establish an upper bound of O(n log n), which matches the current best bound for the unlabeled case.
Theorem 19. Every edge-labeled plane tree in L(S), |S| = n, can be transformed into any other using O(n log n) empty-triangle rotations, and O(n) simultaneous empty-triangle rotations.
We use an idea that has previously been used to show that any point set has a triangulation whose dual graph has its diameter in O(log n) [27] .
Proof. LetT be a triangulation of a convex n-gon whose dual graph has a diameter of O(log n). As every outerplanar graph with n vertices admits a straight-line embedding on every set of n points in general position [31] , we may embedT on S. Let T be this embedding. Ignoring the labeling, we transform the two trees into the same path P that is on the outer face of T . Let e be the unique edge from the outer face of T that is not in P . Now let a and b be two edges of P . We show how to exchange the labels of a and b using O(log n) edge slides. In a path, the linear order of the edges corresponds to a permutation of the n − 1 labels. Since every permutation can be carried to any other permutation using at most (n − 1) − 1 = n − 2 transpositions, we obtain an overall bound of O(n log n).
Let t a and t b be the triangles of T that are incident to a and b, respectively. The dual graph of T is a tree, which we root at the triangle incident to e. Let t be the lowest common ancestor of t a and t b . If t = t a = t b , we are done. Otherwise, we have, say, t a = t. Then, we rotate a to become another edge of t a ; there is a unique choice for the new edge a , and a is incident to a triangle that is closer to e (and thus t) in the dual. We can thus iteratively bring the edges with the labels of a and b closer to the triangle t, until they are incident to it and we can exchange them. As the diameter of the dual of T is in O(log n), this process only requires O(log n) operations.
For simultaneous empty-triangle rotations, we use a different approach. Ignoring the edge labeling, we can transform both trees into the same star centered at p, using at most 8n simultaneous empty-triangle rotations by Theorem 7. An empty-triangle rotation can exchange two edges that are consecutive in the radial order around p, which corresponds to an adjacent transpositions in a permutation. We can then sort the labels using odd-even transposition sort in O(n) rounds, each of which corresponds to a simultaneous empty-triangle rotation. Overall we use only O(n) simultaneous empty-triangle rotations to transform one edge-labeled spanning tree into any other.
Theorem 20. Every edge-labeled plane tree in L(S), |S| = n ≥ 2, can be transformed into any other using O(n 2 ) edge slides. Proof. Let p be an extreme point in S. Ignoring the edge labeling, transform both trees into the same star centered at p, using O(n 2 ) edge slides [5] . In a star, the radial order of the edges around p corresponds to a permutation of the n − 1 labels. Cano et al. [13, Figure 9 ] noted that two consecutive labeled edges in the radial order can be exchanged using three edge slides. Indeed, if edges up and vp are consecutive in the radial order around p, we can exchange them by sliding up to uv, sliding vp to up, and then sliding uv to vp; see Figure 10 . That is, an adjacent transposition in the permutation can be implemented by three edge slides. Every permutation can be carried to any other permutation using at most O((n − 1) 2 ) = O(n 2 ) adjacent transpositions (e.g., by the bubble sort algorithm). Overall, we use O(n 2 ) edge slide operations. The matching lower bound Ω(n 2 ) follows from the unlabeled version [5] .
Note that if two trees are stars with the same center, we can apply O(n) simultaneous edge slides to obtain an identical labeling; we can exchange neighboring labels in the manner of odd-even transposition sort, which is known to finish after O(n) rounds. However, we do not know whether a star can be obtained using o(n 2 ) simultaneous edge slides.
Convex Position
If S is in convex position, we can get an improved bound.
Proposition 21. Every edge-labeled plane tree in L(S), for a set S in convex position, can be transformed into any other tree in L(S) using at most 5 simultaneous compatible exchanges.
Proof. If |S| ≤ 3, then 2 simultaneous compatible exchanges suffice. Assume |S| ≥ 4 and consider the two edge-disjoint compatible plane trees T A , T B ∈ T (S) defined in the proof of Observation 16. Ignoring the labels, transform T 1 (resp., T 2 ) into T A (resp., T B ) using at most two compatible simultaneous exchanges. These transformations produce edge labelings on T A and T B , respectively. Since T A and T B are compatible and edge-disjoint, one simultaneous compatible exchange can carry each labeled edge in T A into the corresponding edge in T B .
Proposition 22. Every edge-labeled plane tree in L(S), for a set S of n ≥ 2 points in convex position, can be transformed into any other using at most 6n − 9 empty-triangle rotations, and at most O(log n) simultaneous empty-triangle rotations.
Proof. Ignoring the labeling, we can transform both trees into the same path P along the boundary of conv(S) using at most 2n − 5 empty-triangle rotations, as in the proof of Theorem 13. Two edges, say uv and u v , on the boundary of conv(S) span an empty quadrilateral or empty triangle. They can be exchanged using at most 4 empty-triangle rotations. An exchange corresponds to a transposition in the permutation of labels along P . Since every permutation of n − 1 labels can be carried to any other using at most (n−1)−1 = n−2 transpositions, 4(n−2) empty-triangle rotations can transform one labeled path into the other. Overall, we use at most (2n − 5) + 4(n − 2) = 6n − 9 operations.
Ignoring the labeling, we can transform both trees into the same path P along the boundary of conv(S) using at most 4 empty-triangle rotations by Theorem 10. We can then apply O(log n) simultaneous rotations to rearrange the labeled edges of the path as follows. Let π and σ be two different edge labelings. Without loss of generality, π labels the edges from 1 to n − 1 in counterclockwise order along P . We say that an edge is misplaced if either π i ≤ (n − 1)/2 < σ i or σ i ≤ (n − 1)/2 < π i . Let M 1 and M 2 denote that set of misplaced edges with π i ∈ {1, . . . , (n − 1)/2 } and with π i ∈ { (n − 1)/2 , . . . , n − 1}, respectively. Note that |M 1 | = |M 2 |, consequently we can match the misplaced edges in M 1 in decreasing order to the misplaced edges in M 2 in increasing order The convex hull of each pair of edges in this matching is a triangle (if they are adjacent) or a quadrilateral (otherwise); and the convex hull of distinct pairs are interior-disjoint. We can exchange two adjacent edges in P using three empty-triangle rotations (Figure 10 ), and two nonadjacent edges in P using four empty-triangle rotations ( Figure 11 ). In both cases, the edges in intermediate steps remain in the convex hull of the two edges that we exchange. Consequently, four simultaneous rotation can move all misplaced edges. Recursion on the first and second half of P , respectively, can be performed simultaneously, and so the sorting algorithm terminates after O(log n) iterations.
Theorem 23. Every edge-labeled plane tree in L(S), for a set S of n points in convex position, can be transformed into any other using O(n log n) edge slides, and O(n) simultaneous edge slides.
Proof. We use O(n) edge slides to transform both trees into a canonical one (defined below) by Theorem 13, and then adjust the labels. We define a canonical tree as follows. Let r ∈ S be an arbitrary vertex; r will be the root of the canonical tree. Let {p 1 , . . . , p k } be the remaining vertices indexed in counterclockwise radial order around r. Add the edge rp k/2 . The supporting line of rp k/2 splits the set of remaining vertices into two subsets, {p 1 , . . . , p k/2 } and {p k/2 , . . . , p k }. In each subset, we designate p k/2 as the root and recurse until all points are connected to the tree. This recursive algorithm constructs a binary tree of height O(log n) such that the triangle defined by a vertex, its parent, and its grandparent form an empty triangle. Thus, by three edge slides (cf. Figure 10) , we can change the label of an edge between a vertex and its parent with the one of the edge between the parent and the grandparent. Using O(log n) edge slides, we can exchange the labels of any two edges. Overall, it takes O(n log n) edge slides to re-arrange all the labels, as claimed.
For simultaneous edge slides, we can use an approach similar to Theorem 19. We transform the two trees into the same star using O(log n) simultaneous edge slides (recall Theorem 15). Then, we can swap the labels of two edges that are consecutive in the radial order around the center of the star as shown in Figure 10 . As we can use edge slides to change the labels of consecutive edges, we can re-order the labels as in odd-even transposition sort. This results in the desired permutation of the labels after O(n) rounds.
Edge-labeled plane trees under edge slides. We prove a lower bound of Ω(n log n) using a technique developed by Sleator, Tarjan, and Thurston [35] , which was used for establishing a lower bound of Ω(n log n) for the diameter of flip graphs over n-vertex triangulations [35] . Bose et al. [11] extended the technique to derive the same lower bound for the the matter of edge-labeled triangulation on n points in convex position. In a nutshell, Sleator, Tarjan, and Thurston [35] show that, given a graph with n vertices and an operation that replaces isomorphic copies of a connected graph of size O(1) with some other graph of size O(1), then d successive operations can produce at most 2 O(n+d) distinct graphs. The same technique works for edge-labeled graphs. Since every plane tree with n vertices has (n − 1)! = 2 Θ(n log n) edge-labeling, at least d = Ω(n log n) operations are needed to reach all possible edge labeling.
We note that the transition graph G L es (S), where S is a set of n points in convex position, is 2(n − 2)-uniform (see Lemma 24 below) . So the naive bound on the d-neighborhood of a node in
, which would give only a trivial lower bound of diam(G L es (S)) ≥ Ω(n). The insight is that many sequences of edge slides lead to the same output; in particular, if k edge slides can be performed simultaneously, then they can also be performed sequentially in any of the k! possible orders, and they produce the same edge-labeled plane trees.
Lemma 24. Let S be a set of n ≥ 3 points in convex position. Then the transition graph G L es (S) is 2(n − 2)-uniform.
Proof. Let P be a spanning path on the boundary of conv(S) path. Then an edge can slide along another edge if and only if the two edges are adjacent. There are precisely n − 1 edges and n − 2 (unordered) pairs of adjacent edges. Hence there are 2(n − 2) ordered pairs of adjacent edges (uv, vw), which determine an edge slide from uv to uw. All 2(n − 2) operations produce distinct trees.
Let T ∈ G(S) an arbitrary tree. Assume that the dual tree has k nodes for some 1 ≤ k ≤ n − 3, and the corresponding cells have n 1 , . . . , n k vertices. Since the vertices in each cell induce a path, and the edge on the boundary of two cells is part of two paths, then we have
Consequently, the overall number of possible edge slides is 2(n − 2), as claimed.
We review terminology from [11] and [35] . Let ∆ be an absolute constant. An incidence-labeled graph G is a graph with n vertices and maximum degree ∆ in which every vertex-edge incidence is labeled by an integer in {1, . . . , ∆} such that at each vertex the incidences have distinct labels. Every edge is incident to two vertices; these two incidences are also called half-edges. Recall that the incidence graph I(G) of a graph G = (V, E) is a bipartite graph where the partite sets correspond to V and E, and an edge represents a vertex-edge incidence. An incidence-labeled graph part is a set of vertices, edges, and half-edges of G that correspond to a connected subgraph of I(G) such that for every vertex in V , it contains all incident half-edges (but it need not contain both halves of an edge).
Local modifications of a graph are represented by a so-called graph grammar. A graph grammar Γ is a finite set of production rules {L i → i R i }, where the ith production rule comprises the left side L i , the right side R i and the correspondence → i . Every left side L i and right side R i are incidencelabeled graph parts that have the same number of mismatched half-edges. The correspondence → i maps the half-edges of L i to those of R i . Such a production L i → i R i applies to a graph G if I(G) contains a subgraph isomorphic to I(L i ), including the edge-end labels. We apply the production by replacing this occurrence of L i by R i accordingly. A derivation is a sequence of graphs  G = G 0 , G 1 , . . . , G m = G such that each G i is obtained from G i−1 by applying a production rule.
Theorem 25 (Sleator, Tarjan, and Thurston [35] ). Let G be a graph of n vertices, Γ be a graph grammar, c be the number of vertices in left sides of Γ, and r be the maximum number of vertices in any right side of Γ. Let R(G, Γ, m) be the set of graphs obtainable from G by derivations in Γ of length at most m. Then |R(G, Γ, m)| ≤ (c + 1) n+rm .
The above theorem continue to hold if each vertex of G has a label (called tag), as pointed out in [35, Section 3.4] .
Theorem 26. Let S be a set of n ≥ 3 points in convex position, and let T ∈ L(S). There exists an edge-labeled tree T ∈ T (S) such that transforming T into T requires at least Ω(n log n) edge slides, and at least Ω(log n) simultaneous edge slides.
Proof. For every edge-labeled tree T = (S, E), we define a reduced line graph G T in the following way. Recall the definition of cells in Section 3.2.
• The vertices of G T are the edges of T .
• Let e and f be two edges of T . In G T , there is an edge between the vertices e and f if and only if e and f are adjacent edges along the boundary of a dual cell of T .
By definition, G T is a subgraph of the line graph of T . Note that G T has precisely n − 1 vertices, and, by Lemma 24, precisely 2(n − 2) edges. The maximum degree of a vertex is 4, as any edge in T is incident to two vertices and at most two cells. Hence, G T is a graph with bounded degree whose vertices are tagged with the edge labels of T . We arbitrarily add valid edge-end labels to G T and define a graph grammar Γ such that each edge slide corresponds to a production (not necessarily the other way round). Two examples of such productions are given in Figure 12 . Note that there are several possibilities how the graph G T looks in the neighborhood of the edges involved in the slide (depending on which edges are present on the boundary of conv(S)). However, as G T has 2(n − 2) edges for every tree T ∈ L(S), the number of half-edges in L i and R i are indeed the same for an appropriately defined production corresponding to an edge slide. Also, since the edge slide is a local operation in both T and G T , the number of productions is constant, and each left side and right side of a production involves a constant number of vertices. Therefore, there exist constants c and r such that c is the number of vertices in the left sides of Γ, and r is the maximum number of vertices in any right side of Γ.
Let m be the diameter of the transformation graph G L es (S) for edge-labeled plane spanning trees under edge slides. Then every edge-labeled tree in L(S) is within distance m or less from T . On Figure 12: Two edge slides and the corresponding production in the reduced line graph (dotted with square vertices). In the production at the top, the half-edges are mapped according to their edge end label, but in the bottom production, there is one exception: the half-edge (e, 4) is mapped to (f, 2). As the number of edges in each reduced line graph is 2(n − 2), there is such a mapping for every edge slide and thus a corresponding production in the edge graph. one hand, |L(S)| ≤ (c + 1) n+rm by Theorem 25. On the other hand, T has n − 1 edges, so it has (n − 1)! edge-labelings, which gives the lower bound |L(S)| ≥ (n − 1)!. By contrasting the lower and upper bound for |L(S)|, we obtain (n − 1)! ≤ (c + 1) n+rm log c+1 (n − 1)! ≤ n + rm n log c+1 n − O(n) ≤ rm Ω(n log n) ≤ m, as claimed. For simultaneous edge slide operations, a lower bound of Ω(log n) follows analogously to the proof of Observation 11.
Conclusions
Previous work introduced five elementary operations on the space of plane spanning trees T (S) on a point set S in Euclidean space. All five operations are known to define a connected transition graph. This is the first comprehensive analysis of the diameters of these graphs. Obvious open problems are to close the gaps between the lower and upper bounds in Tables 1-4 . One might also consider new variations. For example, we obtain a new variant of empty-triangle rotation if we require ∆(pqr) to be empty of vertices (but not necessarily edges), or a new variant of edge slide when not requiring ∆(pqr) to be empty. These variations have not been considered and may lead to new geometric insight.
Transition graphs on other common plane geometric graphs have been considered in the literature, but they do not allow for such a rich variety of operations. For the space of noncrossing matchings on S, a compatible exchange operation has been defined, but the transition graph is disconnected even if S is in convex position [1] ; it is known that the transition graph has no isolated vertices [24] . Connectedness is known for bipartite geometric matchings, with a tight linear diameter bound [7] . For noncrossing Hamiltonian cycles (a.k.a. polygonizations) it is a longstanding open problem whether the transition graph of simultaneous compatible exchange is connected.
While our upper bounds on the diameters of transition graphs are constructive, the problem of determining the transformation distance between two given trees seems to be still open (or is trivial) in all settings we discussed. Similar problems have been studied for triangulations: it is NP-hard to determine the flip distance of two triangulations of a point set [29, 32] , but the problem is fixed-parameter tractable in their distance [25] . Even though the transition graph has a small diameter for simultaneous operations, the degree may be exponential, and the distance between two trees thus does not seem to be a suitable parameter for the complexity of the problem. For convex position, the complexity of the related problem on triangulations (already posed in [34] ) is still open.
Apart from edge-labeled variant discussed in Section 5, we could also consider the problem on directed plane spanning trees. In a directed spanning tree T = (S, E), the direction of an edge e 1 ∈ E defines an order between the two components of (S, E \ {e}), and we can direct a replacement edge e 2 between the two components consistently with this order. Studying the whether the transition graphs of directed plane spanning trees is connected, and estimate their diameters under various operations is left for future work. However, if the edges are both labeled and directed, the corresponding exchange graph is no longer connected: for 3 vertices, the transformation graph is 2-uniform and and has several components.
